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Abstract

Letg € LP(T), 1 < p < 0o. We show that the set of points where the Fourier partial sums Sy, g(x) diverge
as fast as n# has Hausdorff dimension less or equal to 1 — f{p. A comparable result holds for wavelet series.
Conversely, we show that this inequality is sharp and depends only on the Hausdorff dimension of the set of
divergence.
© 2005 Elsevier Inc. All rights reserved.
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1. Introduction

After Du Bois Raymond’s construction of a continuous function whose Fourier series diverges
at one point [5], Haar introduced an orthonormal basis of L? in which the expansion of continuous
functions converge uniformly on compact sets. In further developments of the theory of Fourier
series, Kahane and Katznelson [12] proved that, given any F; set A C T := R/Z of Lebesgue
measure zero, there exists a continuous function whose Fourier series diverges everywhere on
A; meanwhile the Haar basis became the prototype of wavelet bases, and wavelet expansions
of continuous functions also converge uniformly on compact sets [20]. Here we see one of the
main differences between Fourier and wavelet bases. Another difference is that wavelets yield
unconditional bases of L?, 1 < p < oo0; this is false for the Fourier basis if p # 2. In this paper,
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we wish to compare wavelet and Fourier bases on the matter of pointwise divergence for functions
in L7,

Since the works of Carleson [2] and Hunt [9], we know that the Fourier series of a function in
LP(T), 1 < p<oo, converges almost everywhere. Our goal in this paper is to study the rate of
divergence at the other points; we shall see that the set of points where the divergence is “fast”
must be “small” in the sense of Hausdorff dimension. On the other hand, the wavelet expansion
of a function in L? also converges almost everywhere if 1 < p < oo [14]. The rate of divergence
turns out to have a limitation equivalent to the one found for Fourier series. In both cases, we
demonstrate that our bounds are sharp by constructing a function whose Fourier or wavelet series
pointwise diverging at a given rate on any set satisfying the dimension condition.

These results can be interpreted as a bound on the “multifractal spectrum of Fourier (or wavelet)
divergence” of a function f € LP”, in the same fashion as functions in Besov spaces have bounded
multifractal spectrum of Holder singularities [10,11].

Let us first introduce some notations.

1.1. Fourier transform

Let { € Rand et~ 2™ The continuous Fourier transform of fe L' (R) is
Fiom [ rwamar

A function g € L'(T) is identified to a 1-periodic function on R. Its Fourier transform is the
tempered distribution

gl ) (g e o —kh),
keZ

where
(g, ex) :=/Tg(t)Mdt.

For n € N, we define the band-limiting operator S,, by 5,17” = 1[_,,,,1]}"\. Ifg e LY(T), this
corresponds to taking the partial sum of the Fourier series

Sug it Y (g ex) ex(n).

k=—n

We write £, (R) := S,(L'(R)) and &,(T) := S,(L'(T)), respectively, the sets of band-limited
functions on R and T. S, is the orthogonal projection (with respect to the L? scalar product)
oné&,.

1.2. Wavelets

Let ® and W be the father and mother wavelets of a multiresolution analysis of L (R): ¥
has at least one zero moment and the family of functions @4 : x = ¢(x — k) and Wi : x —

2% t//(2/x — k), (j, k) € N x Z, form an orthonormal basis of L%(R). We also require that ® and
Y are, for an ¢ > 0, piecewise ¢-Lipschitz and rapidly decreasing functions.
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Since we are interested in local properties and want to compare the wavelets with the Fourier
series, we shall focus on periodic functions. An orthonormal basis of L>(T) is formed by the
periodized wavelets [3,16]

$rx> ) Bux) =1
keZ
and for j € N, 0<k < 2/,
Vi 1 x > Z\ij(x .
leZ

Similarly to the Fourier partial sums, we define the wavelet partial sums

Jo 2/—1
Tiog it (g D+ > 0 Y (g ) a0,
j=0 k=0
as well as
Jo 2i—1
Trg:t—> g DI+ Y [le. v v @)].
j=0 k=0

1.3. Hausdorff dimension

If ¢ : RT — R™ is an increasing continuous function (dimension function), the ¢-Hausdorff
outer measure of aset E C Ris

¢ T .
HO(E) := lim re‘R‘le>BZ€r¢('B')’

R:(E) being the set of countable coverings of £ with intervals B of length | B| <¢&. When ¢ (x) =
x%, we write for short H* instead of H®s. The Hausdorff dimension of a set E is

dimg (E) := sup {s, H(E) > 0} .

This definition is not changed if the coverings are restricted to dyadic intervals [7]. Moreover, if E
has Hausdorff measure zero, there exists not only a covering such that the above series converges,
but an infinite covering as well:

Lemma 1. If HPE) = 0, then there exists a sequence Ej, union of Nj dyadic intervals of size
27/, such that 3 ; N;p(27/) <2 and E C limsup; E;.

Proof. Since ’H¢(E) = 0, for all jo € N there is a covering Ule% I D E, where rj, is
a set of dyadic intervals of size <27/, satisfying Z,erjo ¢(I)<277. Let N; be the num-

ber of all the intervals of size 27/ in | J jo Tjo» and Ej their union. Then E° C lim sup; Ej and
YiNipQTH< Y 27 =2 O

If B is an interval and 4 > 0, AB will denote the interval with same center as B and length
AlB].
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2. Fourier series
Let us state our main theorem for Fourier series.

Theorem 2. Let g € LP(T),1 < p < o0. For >0, let

n—o00

Ep) = {x, limsupn_ﬂlSng(x)| > 0} .
Then dimy (E(f))<1 — fp.
Conversely, given a set E such that dimy (E) < 1 — Bp, there exists a function g € LP(T)

such that for all x € E, lim sup,, n_ﬁ|Sng(x)| =00

This theorem is a direct consequence of Corollaries 10 and 13, derived from the more precise
Propositions 9 and 11 below.

2.1. Preliminary results

In the long and fertile story of Fourier series in L? spaces, M. Riesz proved first the uniform
continuity of the operators S,:

Proposition 3. If1 < p < oo, there exists C,, < 0o such that, for alln € N,
1SngllLr <Cpliglyr,
ifge LP(RorT).
Later, this was much improved [2,9] (see also [1]):

Theorem 4 (Carleson, Hunt). Let S*g(x) = sup,, |S,g(x)|. The operator S* is a continuous
endomorphism of L (R or T) for all p € (1, o).

We also recall the classical Nikolsky inequality (see [17]):
Proposition 5. Let g € £,(Ror T). If 1< p<qg <00, then

11
lgllze <n? <liglzp.
We shall need a localized version of this inequality (for g = 00), where we multiply g € &,(T)
by a compactly supported “window” function y, of width proportional to . Ideally, we would

want || In || Lo(R) S <Cn ’ || In& || Lr(R)’ but this would require that’ also has compact suppon (see
proof of Lemma 8). Since this cannot be, some loss in the inequality is necessary. At best, 7 can
have almost-exponential decrease.

Lemma 6. Lety > 0 and H(y) be the set of functions f for which there exist Cy and C/f >0

<C fefc»/f |C|’. Then H(y) contains a non-zero compactly supported
function y if and only if y < 1.
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Note that H (y) is an algebra for pointwise multiplication, so y can be taken non-negative. Also,
up to a rescaling of , the constants C; and C )’( be chosen arbitrarily in (0, co).

Proof of Lemma 6. Let us first prove the “only if” part. If the function f satisfies the inequality
veeR, |f©|<cre I

with some y > 1, then we also have
vee R |f@]<Bre .

This condition implies, by the Paley—Wiener theorem, that f has an analytical continuation to the

domain {z : |Jz] < B}}, therefore cannot be compactly supported if it is non-zero.
Conversely, suppose that y < 1 and let y be defined as in [18] by its Fourier transform.

_ in()\* sm(C/k )
0= (29)
¢ ,Hl (k

With the Paley—Wiener theorem, it can be seen that y has compact support. Let |{| > 1,n := L|C |VJ ,
and remark that

7 (o|<1"[

k=1

sm(C/k )
(ki

n 1 1
k M, (y >
—< ”(A/) ~nsoo (vZnne_”>}.

_ntl _ e
So there exists C such that [3({)|<Ce™ 27 <Ce % Il ,hence y € H(y). O

Remark 7. Using the Denjoy—Carleson theorem, one can actually show that, given a positive de-
creasing function r, the necessary and sufficient condition for the set of functions with Fourier de-
crease | f (C ) | <r(|¢]) to possess a non-zero compactly supported function is that f > log(r(v)) dv >
—o0. This would slightly improve the subsequent results, but to the price of some unwanted com-
plication.

In the following, v > 1 is fixed and y will be a compactly supported function in H (%) such
that, forall y € R, 0<y(y) <x(0) = 1 (see proof below). Given x € R and n € N, we define
Yxn i Y > x(m(y — x)), which can be viewed as a localization window at scale n~! around x.

Lemma 8. Forall 0 > 0,1 < p < oo, there exist a constant C and a function y as above such
that, foralln e N, g € £,(T) and x € R,

1 v
i 2 -0
Hxx,ng“LOO(R) <C(”p log(n)? HXx,ng”LP(R) +n ”g”L"(T))'
Proof. Lemma 6 provides a compactly supported, non-negative, continuous function in H (%);

this vector space being invariant by translations, one can ask that this function y reaches its
maximum value = 1 at 0. Note that 7, ({) = %’Z(%)e‘zmxg. If g € £,(T) (a trigonometric
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polynomial), then g({) = >i__, (g.€j)6(C — j). We write

m(o = 1|C| gnlog(n)“Xx,ng(C) + 1|§|>nlog(n)“m(é) .

6] HLO

Since fl is supported in the set {|{| <nlog(n)"}, by Propositions 5 and 3,
1 v 1 v
I fill oo <n? log(m)? || fill Ly <Cpn? log(m)? | 1 8]l -

On the other hand,
PO =12 nt0gy Tom * DO

. (g,e]) {—J —2mix({—j)
= Z 1|L_,|>nlog(n)‘7 e .

. n
j==n

Let us bound the L! norm of the terms of this sum: for all —n < j<n,

/ - x(C ’)‘dc:f Gl du
nlog(n)’ It n log(n)¥—%

oo b
</ Cye """ du

3 log(n)¥
00 C, 1
< / Luv e qu
%log(n)" 2y
C/

/
s

. . , Sy _C, o1 .
if n is large enough so that u > % log(n)" = e~ 2"" <Flu =1 and if we chose 7 such that
C; >4(0+ 1). The other half of the integral has the same bound, so finally, by the inverse Fourier

transform,
I f2ll Lo < ||f2||L1 Z / g’eJ')»i(é_]) dc
j=—n [{|>nlogm) | T n
<20 Y [fee)
j=—n

-0
<6C,n " llglLr
using Parseval’s theorem, Schwarz’s inequality, and Proposition 3. [J

Note that the choice of y actually depends on 6: the larger 6, the larger the support of y.
2.2. Upper bound on the Hausdorff dimension

Proposition 9. Let g € LP(T), 1 < p < oo. Let t : [0,00) — (0,00) be an increasing
function and E(t) := {x lim sup,, |S"‘(grff)‘ } Ifv>1and ¢(s) = O4_ o+ (lijfg((s;ll);), then
HP(E(1)) = 0.
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T(n)
function from Lemma 8, supported in [—K, K]. We also fix an n > 0. For every x € Ey,
there exist infinitely many n, such that }Snx g(x)| > Mt(ny). We chose n, large enough so that

n;l < mik and n;g sup,, |l S,,g||Lpar) % T(ny) (the constant C from Lemma 8, depending only

Proof. Let M € N and Ey = {x,lim sup,, [UELCII M}. Let0 > Oand y € H(%) be the

on 0 and p). Then, defining By := [x — =, x + —] we have

”S"xg”LP(B) ”/{x ny "xgHLP(R)

< fuxx,nxsnxgHLoo(R) —n;! I S”xg”uar)

=

ny log(nx);
C|Snxg(x)‘ 2cf(nx)

log(nx)P
>£C lr(nx) ‘
IOg(nx);

By the “5r-covering theorem” [8, 15] we can extract from {By, x € E )} a countable family of
disjoint intervals B;, i € N, of size 25 such that Ey C |, 5Bi. Then,

A|S*g(x)|pdx / ’S*g(x)|pdx

ieN
Z/ S 8(0)|"” dx
ieN

MN\? ()P
2%(%) n;log(n;)¥"

We thus have found that the family {5B;,i € N} is an 5#-covering of Ej; satisfying

10K e yp

> ¢U5BiD) < CIZ e (

ieN ieN IOK)
sGM- p“S*g”LP,

which is finite by the Carleson—Hunt theorem. Note that this bound is independent of #, and thus
also bounds H?(Ey). But E(t) = (,; Em, hence HP(E (1)) = limy 0o H?(Epy) =0. O

We should point out the fact that, although it makes the proof more elegant, the full strength
of the Carleson—Hunt theorem is not used here. Indeed, when t(n) = n, Proposition 9 yields
only H?(E(1)) = 0 for ¢(x) = ﬁ, whereas the simple fact that S*g € L? implies that

H'(E (1)) = 0 (the Fourier series is bounded Lebesgue-almost everywhere). Similarly, one might
expect that for t(n) = n/’, ”H,]_ﬁP(E (7)) = 0. This shortcoming seems to be inherent to the
localization technique employed; we can only conjecture that v could be replaced by O in the
proposition.



104 J.-M. Aubry / Journal of Approximation Theory 538 (2006) 97111

Corollary 10. Let g € LP(T), 1 < p < oo. For >0, let

Ep) = {x,limsupn/j|Sng(x)| > 0} .

n—o00

Then dimy (E(B)) <1 — Bp.

Naturally, a negative Hausdorff dimension means that the set is empty.

Proof of Corollary 10. Take t(n) := 10’;% and ¢(x) = x1=Prt+e for an arbitrary ¢ > 0.
Then E(f) C E(t), and applying Proposition 9 yields ’Hl_ﬂ”H(E (1)) = 0. It follows that

dimy (E(f)) < dimp (E(1))<1 — fp+e O
2.3. Optimality of the upper bound

Our converse to Proposition 9 is the construction of a function, showing that the above bound
is optimal and depends only on the Hausdorff dimension of the set.

Proposition 11. Let 1 < p < 00, 7 : [0,00) — (0, 00) be an increasing function and ¢ be a
dimension function such that

[yt "
0 $(s) s )

For every set E C T satisfying HP(E) = 0, there exists g € LP(T) such that for all x € E,

. s,
lim sup,, ‘ Tf”g)l

= 0.
Proof. Let~ us first remark that whenever (1) is true, one can find a non-decreasing 7 such that
lim, o0 % = 00 but still

1

[y o
0 d(s) s '

By Lemma 1, we have an infinite covering of E by unions E; of N; dyadic intervals of length
27/) . Let xj X > 1 —min(1, 2/d(x, E;)): this function satisfies Xj(x) =1ifx € Ej, xj(x) =0

Lo <2/. Introducing the Fejér sum

outside of a set of measure <3N, 27 and X;

2/ -1
gt o ];) Skg(r)

N2
and the Fejér kernel F,; : x — 21—, (S‘S?gz(;;’)‘ )) , we have

1

07~ 1) = | G+ y) — 1)y () dy
-2
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(see e.g. [6]). We claim that (if j >3) this 1ntegral is absolutely bounded by (see Lemma 12
below). It follows that for all x € Ej, g, % (x) 2 3 On the other hand,

Pl
lo2izill o <UE2i il o = 1] < BNZ77

Let us now define

g = Z %(2].)63_2]'0'2/'){]'.
jeN

The frequency shift (multiplication by es ;) is here to prevent “interferences™: since 75, y; has

Fourier supportin {1—2/, ..., 2/ —1}, the Fourier support of €32j0j ¥ isin (27141, 272 -1},
disjoint from the other terms. Therefore if / € N,

Syi+28(x) = Syr18(x) + T(2)es o1 (X)o7 (x),
so that

)= 31@2Neyy(x).

max (

If x € E, then there exists n (either 2/*1 or 2/42), such that |S, g (x)| > %%(n). Butforanx € E,

this happens for infinitely many /, so lim sup,, |S’%i§f)| = o0.

Furthermore, we have the following estimate on the L?”-norm of g:

1 o o
3 7llgler < ZT(Z")(NJ-Z Y

jeN
< Yy 2
p $2i)7
1 1
) . A )
i F(2)P2—i\ 7
N;p(27/ _ ,
% i@ ZN( $277) )
je je

the first term being finite by Lemma 1 and the second one by (2). [

Lemma 12. For any j >3, if 0 is a function such that ||0|| ;~ <1 and ||0’||LOo <2/, then

1

/ 101y () dy <172,

2

Proof. We split the integral in two parts, |y| < 27/ and on 27/ < |y| < % The first part is
bounded by

2-J . 2] 2
uj = 2/ (—SH?( ny)) ydy
0 sin(my)

Doing a change of variables and using the fact that sin(5") > Sm(”’ ) we see that u; is decreasing;
numerically u3 = 0.2496183586...so forall j >3, u; < %.



106 J.-M. Aubry / Journal of Approximation Theory 538 (2006) 97111

For the second part note that if j >3, then 5 > y > 27/ implies that sin(ry) > 2!~/ so
. i 2
actually F,; (y) < M and

1 .

2 sin(2/my)? 1
/ |0(y)Isz(y)oly</l Tydyzz. O
27 <lyl<3 :

Corollary 13. If 1 < p < oo and E is a set such that dimy (E) < 1 — Bp, then there exists
g € LP(T) such that for all x € E, limsup, n_ﬁ|Sng(x)| =00

Proof. Take 7(n) := nf and ¢(x) := x* wheredimy(E) <a < 1—fp. O
3. Wavelet series

If g isafunctionin L” (T), its wavelet coefficients (with L? normalization) are trivially bounded
11y
by the Holder inequality: |(g, ;)| <Cy lgll;»27 2 where Cy depends only on ; so at any

i .
point x € T, Tjg(x) (and even T]* g(x)) cannot diverge faster than 27 ; on the other hand, this
series converges almost everywhere [14]. As in the case of Fourier series, we have the following
finer result on pointwise divergence rates.

Theorem 14. Let g € LP(T), 1 < p < oo. For =0, let

E() := {x.limsup2 P 77 g(x) >0}

]*)OO

Then dimyg (E(f)) <1 — fip.
Conversely, if  is the Haar wavelet, given a set E such that dimg (E) < 1 — Bp, there exists
g € LP(T) such that for all x € E,

lim sup 2_/5j}7}-g(x)’ =00

j—o00

This theorem a direct consequence of Propositions 18 and 19 below. Note that the series of
absolute values 7}* g has essentially the same bound on its multifractal spectrum of pointwise
divergence than 7 g; this is in contrast with the Fourier series.

In the case where p >2 and the wavelet is compactly supported, we get a more precise result
on the Hausdorff measures of the divergence sets (Proposition 16).

3.1. Upper bound on the Hausdorff dimension

As mentioned before, wavelets provide an unconditional basis of L”. More precisely, the
Calderon—Zygmund theory can be restated in terms of periodized wavelets under rather weak
regularity conditions. According to Corollary 4.5 of [4], if as specified in 1.2 y is piecewise
e-Lipschitz, then we know that g € L?(T) if and only if the function

1
2

x> ZZ (& Yy Y (o)
=0 k=0
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is also in L”. Crudely speaking, this means that we cannot have too many “big” wavelet coeffi-
cients; we shall translate this in terms of Hausdorff dimension.

Let us start with a simpler case.

Lemma 15. Let g € LP(T),2<p <oo,m > 0andl € N be fixed. Let T :

be an increasing function and define

K; = {k

=[k—D277, (k+1)271]

e gyl 220

m

and

F™ (1) := lim sup U 178

Jj—o0 kekK;

Then H? (F™ (1)) = 0, with $(s) := st(s~H)P.

[0, 00) — (0, 00)

Proof. Let n; := #(K;). Without loss of generality, we can assume that there exists 0 < a < 1
such that ['¥(x)|>a when x € [0,a]. Let = 12-j (k44)2-i)- By our assumption above,

2 g () a2 (x) |2 for all x. Note that

P
2

= —/ Z %ir(xX) | dx

keK;

and thus

P
2

0 mp ) =3 2" Pig- /)/ S 2ig0 | dx
j=0

j=0

N
5 —
WK

ek;

(-
Il
[=)
=~
N

N
5 —
M2

ek;

(-
Il
[=)
~

J

)
|

N
5 —
™2

(.
Il
(=}
=~
Il
(=)

keK;

P
2

L1 g o=y Yoai s,
( DI g2 )p)z;gk(x) dx

P

2

Z(z 2‘5(2])> a2 | ax

(SIS}

ma_2|<g, ‘kjk)‘kjk(xﬂz dx,
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which is finite because ¢ € L?. Butforall jo € N, F" (1) is naturally covered by the [, j > jo,
k € Kj; the above convergence implies that

lim Z > ¢(fh =o.

Jo—>00
Jj=Jjo k€K;

therefore the ¢p-Hausdorff measure is zero. [J

Proposition 16. Letg € LP(T),2< p < 00, and assume that the mother wavelet Y has compact
support. Let f > 0, and

E(p) := {x,limsup 2~ ﬁJOT*g(x) >0

jo—)OO
IfB > . then E(B) = 0; else H' PP (E(B)) = 0.

Proof. Note that in the case of compactly supported P, if j is large enough, then x//j « = Pjx, so
we can forget that we are working with periodized wavelets.

Considering the remark that precedes Theorem 14, we can assume that 0 < < %. Letm >0
and / be larger than the support of \¥. Let

E™(f) := {x,limsup 2~ ﬁfoT*g(x) > l}
m

]()*)OO

We want to show that if 7(n) = n”, then for some constant C depending only on f3, p and ¥, we
have E< (ff) C F™ (7).

Suppose that x ¢ F™(t). This means that, with at most a finite number of exceptions, x ¢
UkeKj fik. Since 27/ is larger than the support of Y, if Y (x) # O, then k ¢ Kj, and

e )l <2204 s

2/ 1

C .
O e vied vl = 3 g v e )| < =27,
k=0 k¢K;

where Cy := sup, Y ; [Wox(x)| < oo. Since f§ > 0,

Z Z & V) Ui (0| < 2ﬂf°,
j=0 k=0
with C := Clz/f -Sox ¢ EC([f)

Using I;lemma 15, we have proved that H'-Pr(E ¢ (f)) = 0. To conclude, remark that E(ff) =
U,nen E € (B), so by g-additivity H'=PP(E(p)) =0. O

If p < 2 or if the wavelet is not compactly supported, we need to adapt the proof, to the cost
of some loss in precision. We are able to conclude only on the Hausdorff dimension.
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Lemma 17. Letg € LP(T),1 < p <oo,m > 0andl € N. Fora>0and 0 < ¢ < 1, we define
1 _(0‘;1+l)j
;= [k gyl |2 Lo 5t

= [(k — 2827/, (k +2%)277]

and

F™E(a) = lim sup U I]Z
I kek;

Then dimp (F™ % () < 1%

Proof. We start as in the proof of Lemma 15, multiplying the terms of the sum by 770, with
0 := max(0,2 — p):

r

2

ad . ad a—=1 4 1y
> il = Zj—92‘2<7+7)f§/ 20| dx
j=1

j=1 kek;

using the Holder inequality if p < 2,

P
2

fco 2222‘ +”2/,9 x) | dx
Jj=1 keK;
< 0
2-p

(here Co = (Zioﬂ J ) " if p <2,Cp = lelse). So > n2” "(e=1J is finite as soon as

o« > %5 we conclude that dimy (F"™*)(e) < 12%. O

2
0=

Applying this lemma as in Proposition 11 will do the direct part of Theorem 14.

Proposition 18. Ler g € LP(T), 1 < p < oo. Let >0, and

jo 2/—1
E(B) :== {x,limsup2™ ﬁJOZ Z |g l//jk l//jk(x)| >0
Jo—00 j=0 k=0

Ifp > % then E(B) = ¥; else dimy (E(B)) <1 — fp.

Proof. Let0 < ﬂg%,m > 0, and

jo 2/-1
E™(f) := {x,limsup 27 ﬁJoZ Z (. Yir) 1pjk(x)| > —
Jo—>+o0 j=0 k=0

We chose an ¢ > 0 and we will show that if o := 1 — fp, then for some constant C depending
only on o, p, ¢, and W, we have EC (f) C F"™¢(«).
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Suppose that x ¢ F m*g(oc). This means that, with at most a finite number of exceptions, x ¢
Uke K; Iji Soifk € Kj, |2/x — k| >2% and ¥ being rapidly decreasing, for all 0 there exists

Cyp < 400 such that |x//jk(x)| < CQZ_O“-/ It follows that ZkeK |lp]k(x)| < C92(1_5’0)~/. Moreover,

since g € LP(T), |<g, lpjk)| <Cl/,||g||Lp2( —) . We chose 0 so that - =3 L t1-0: < —“T_l, and
then, if j is large enough,
{ <27
2 e v <

kek;

If k ¢ K;, we obtain as in the proof of Proposition 16

Ci a1,
3 Mg v )| < L2

k¢K;

Adding up everything, and using the fact that « < 1, we obtain for an adequate constant C:

jo 2i-1
Z 2 e v o] < 2ﬁj°~
j=0 k=0

Sox ¢ EC (f).ByLemmal7, wededucethatdlmH(EC BN < 1= F,andsince E(f) = Upen EC
(), by g-stability of the dimension, dimg (E(f)) < % 1_8. Finally we lete — 0. [

3.2. Optimality of the upper bound

We now turn to the converse part, showing that the bound in Proposition 16 is optimal. To
simplify, we assume from now on that  is the Haar wavelet.

Proposition 19. Let o > 0 and 1<p < o0, and suppose that dimy(E) < o. There exists
[
g € LP(T) such that for all x € E, lim sup; 27"7}g(x) =

Proof. Let dimpy (E) < o < o and define E; and N; as in Lemma 1, with ¢(x) = x%. Let

P llE

||M8

(1= P
Then ||g||[L7,, < Z?O:o N;j27J <2 ? J) < 00. Moreover,

Jo 1-o . > 1-o .
Tig) =) 27 g+ Ty Y 27 /1g () 3)
Jj=0 J=jo+1
Jo
> 277 g () )

1—o -
and if x € E, x € Ej for infinitely many jo, for which T, g(x) >277 0 O
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Here we used two special properties of the Haar basis: in (3) the fact that indicatrix functions
of dyadic intervals of size >27/0 are in the invariant subspace of T}y, in (4) the fact that the
projection kernel is positive. This is in general false for other wavelets (causing the so-called
Gibbs’ phenomenon for wavelets [13,19]).
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